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the transverse cross section, the torsional moment takes its limiting value

Mn=—l—1T§(6’-——%-)dL (2.2)
L

The relation connecting the torsional moment M with the twist 6 (M, and 0, are limitingvalues
of the corresponding quantities, and K is the torsional rigidity within the elastic limits)

M-M 6—9
W__ﬁ__ P ]
m== - " 9, (P'-K-M'—M_n .

is shown in Fig.2. The dashed lines show the values of m (@) for the rectangular cross sect
ions, with numbers accompanying the lines describing the ratios of the sides. The half-moons
correspond to the Weber profile shown in the same figure. The small circles show the results
for the corresponding cross sections with a ratio of the internal to external radii equal to
0.9, and the dark circles refer to the values of m for rods of circular transverse cross sect-
ion.

The computations show that the curves determining the relationship m (¢) are contained
within the zone shown in Fig.2 with thick lines. When the twist 6 is increased, the plastic
zones in which the assumptions made hold exactly, also increase and the magnitude of the tor-
sional moment tends to its exact value (2.2).

We note that the largest error in determining the torsional moment using the formulas given
occurs at the yield point. Comparing the values of M, with the known exact solutions we find
that the maximum error is small in the case of simple rods. For prismatic rods of elliptical
and rectangular cross section the erxor does not exceed 3% and 5%, respectively, and for the
Weber profile (Fig.2) 1.5%. We note that the torsional moment of a rod of rectangular cross
section is determined in /4/ using a more complicated method, yet achieving the same accuracy
as in the present paper for a ratio of the sides equal to 0.2 and 0.4. 1In /5/ the results
for a square transverse cross section fall below the limit curve and cannot therefore be re-
garded as possible.
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EXTENSION OF THE VARIATIONAL FORMULATION OF THE PROBLEM FOR A RIGI]E-PLASTIC
MEDIUM TO VELOCITY FIELDS WITH SLIP-TYPE DISCONTINUITIES

G.A. SEREGIN

Sets of velocity fields containing slip-type discontinuities at the
boundary of the rigid-plastic medium, as well as within it, and the
funcfionals defined on these sets, are described. It is shown that

the exact lower bounds of the variational problems for these functionals
are equal to the coefficient of the critical load. The minimax

problem with saddle point constructed here is regarded as an extension of
the classical minimax problem of the theory of critical loads.
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It is well-known that the classical variational formulation of the problem of determining
the velocity field corresponding to the critical equilibrium state of the rigid-plastic medium
is ill-posed in the following sense. In a number of problems there are no smooth velocity
fields on which the critical load can be realized (see e.g. /1, 2/). This creates difficult-
ies in computing, since minimizing sequences of the smooth velocity fields must then be used
at the limit at which the classical functional determining the upper bound for the critical
load coefficient is not defined. A correct formulation of the corresponding variational proble
can be obtained directly from the abstract extension scheme formulated in /3/. The results of
subsequent investigations of the problem were given in /3/ (for more detail see /1/). As was
said in /1/, the variational extensions obtained in these papers cannot be regarded as final
and effective, since it is desirable to express them not in terms of the measures, but in
terms of the vector function of a point. A development of the classical variational problem
which can yield a number of useful practical corollaries is given below.

1. Basic notation and formulation of the problem. Wwe denote by  a region of
Euclidean space R" (n = 2,3). We assume that the region is bounded and has a boundary TI' which
satisfies the Lipshits condition. We denote the velocity field by u = (u;) and the strain
rate tensor by e (u) = (e;; (#)). If a Cartesian coordinate system is chosen, then 2gy (u) = u;,; +

Uz, i+ We denote the stress tensor by ¢ = (0;;) and its first invariant and deviator by oy
and oP . We define the velocity field spaces which will be used below, as follows:
. /2
D@ ={u: ful =§(ul+IeP@)dz +({ diviudz)" < + oo} (1.1)
2 2
lul?=uu;, }e|?=ey ey, divu =1y,

The differential operator e; (¥) is regarded as a distribution, i.e. for any continuous dif-
ferentiable function ¢ with a compact support in £,

§ (o +up)de=—2{ e edz
2 o
The functional space D? () has the following properties:
a) smooth functions are dense in the space P2 () on its norm;
b) the space D?(Q) imbeds completelyand continuously into the spaces of summable vector
functions L7 (Q)" for re(1,n/(n—1)], and continuously in [n/(n-D) (Q)".
c¢) vector functions belonging to D? (Q) have summable traces on I', or more accurately,
the space D? () imbeds continuously in LYI)".
We shall study the stress fields defined by symmetric second rank tensors in the follow-
ing class:
T={vrt= (1) 1=t < L*(R) (1.2)
yPeLlc®), i,j=1,.. n}

We will denote by K the set of all 't & X satisfying the Mises condition (k, is a given quant-
ity)

K=t |10 (2)| < 1/-2_k,, for nearly all ze& Q}

We assume that the field of distributed loads f = (f;) is specified in Q , a field of surface
loads F = (F;) is defined on a part of the surface y » and

hEL®Q), Fiel=(@), i=1,..n (1.3)

Consider the set of admissible velocity fields
V={ve D ):divy=0in®, » = 0 onT \ y, { fwidz - \Fodl =1)
2 ¥

We know (see e.g. /1/) that the critical load coefficient A, 1is found for the rigid-plastic
medium from the solution of the following minimax problem:
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Introducing the notation
J)=sup{ e;0) v dz=VZk,{ [e()]dz
Q 2

R(T) = ll'lfS €5 (U) Tij dz
vV oa
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we find that the functionals J (y) and R (1) yield, respectively, the upper and lower bound
for the critical load coefficient A,. and

Ay = igf J(v)= rlr_lax R(ty=R(z,)

Replacing sup by max means, as usual, that an element 1, =K exists on which the exact
upper bound of the functional R is attained. For the functional J, replacing inf by min is,
generally speaking, incorrect, since the set V need not contain the velocity field realizing
its exact lower bound. This is due to the fact that the class V does not contain velocity
fields describing slip-type discontinuities. Moreover, the functional J itself is not defined
on such fields. All this causes considerable difficulties in obtaining upper estimates for
the critical load coefficient. Below, we construct the functionals ¢ and associated veloc-
ity fields Vg containing a wide class of fields with discontinuities. The functionals @ on
Vo will yield the upper bounds for the critical load coefficients. The bounds will be exact
in the sense that the lower exact bound of the functional O on Vg is equal to the critical
load coefficient.

The practical value of such functionals is as follows. First, the contraction of ® on Vv
yields the functicnal J, hence the upper bound which yields J can be obtained using the func-
tional ® . Secondly, the functional ¢ contains more parameters which can be changed, and
this gives greater freedom in constructing the upper bounds for A, . Thirdly, computing the
functional ® on the discontinuous fields is not more difficult than computing the functional
J on smooth fields. The last factor is very important since the upper bounds obtained on the
discontinuous velocity field reduce chiefly to a limiting passage on a sequence of smooth
fields converging, in a sense, to the discontinuous velocity.field. In fact, such a limiting
passage is carried out in the present paper in general terms, and this makes it unnecessary
to perform the operation in every particular case. In Sect.2 we give an example in which the
use of the above procedure enables us to obtain an exact value of the critical load on the
discontinuous field.

Let us describe the general plan for constructing the functionals @ and sets Vg on
which they are defined. A major role is played here by the minimax problem with a saddle
point, and the value of the corresponding Lagrangian at this saddle point is of the same accur-
acy as the critical load coefficient. The problem can be called a mathematical extension of
the Lagrangian

S & (U) Tij dx
Q

and its saddle point can be called the generalized solution of the problem (1.4). However,
the set of variations of dual variables constructed in this problem, although containing all
possible discontinuities and smooth velocity fields, is not easy to use in practice. It is
therefore advisable to separate out certain classes of discontinuities and obtain the inter-
mediate sets of velocity and stress fields containing the smooth fields. Computing the values
of the extended Lagrangian on these intermediate sets, we arrive at the functions @. Their
lower bound on these sets is equal to critical load coefficient.

2. Main results. Let the surface Iy divide the region  into two regions ! and 7,
each possessing a boundary satisfying the Lipshits condition. Let us denote by v' = (v/!) and
vz == (v;?) the unit outward normals to the surface bounding the regions Q! and * , respectiv-
ely, and by v = (v;) the outward unit normal to the surface I' . Consider a class of functions
V (Ty, y) of the following type:

V(o y) = {mw): v=2'=D*(Q), if 2= (2.1)
v=0r =D, if z= Q% vlvi' +uvi =0
onTy vvi =0 onT N\ y; dive = 0inQ;
]
we D (Q); wiv; =vviony, w=0onT\ vy S fivi d:c-|-SFiu'i dlr' = 1}
Q ¥
We note that the class V([ y) is non-empty since (v, v} = V (Lo, 7) for any »& V. Theclass
of functions V (I'y, y) contains velocity fields which may have slip-type discontinuities on
the surfaces I, and ['. The subclass of the class V (T'y, y) for which »& D*(Q), will be

denoted by V (y) . Putting .
S (vov) == (vib; + v;13)

we determine the functionals &,y and @&, on the classes V(v and V{(y), as follows:

Opvy @) = VI ko (§ Je@)]dz + § Jewd)]dz + (2.2)

T Q&
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(15 @i+ 5en )| dhe+ {IS(vwv—w)[dl + § |8 (s,v)|dT), V(w)EV Tor)

T 7

mv(u,w)=vik*(g\e(u)ld1+S\S(»-‘v_u-ndr+ S‘S(\-,u)‘dl‘), Vo w) eV (@)
Q

v T\¥
We have the following assertions (for the proof see Sect.3):
Ap= inf O@r,y (v w)="in{ Oy (v, w)=infJ () (2.3)
V{lo, ¥) v \4

We note that the value of the exact lower bound of the functicnal ®r,,y on the set V(T ¥)

is independent of the choice of I'y. Thus when the upper bounds are constructed for A, using
the functional P, vy, we have three parameters v, w and I'y compared with a single parameter
v when the functional J is used.

We illustrate the use of the functionals constructed above by considering the following
standard plane problem. An annulus is given, the outer boundary of which is clamped and the
inner boundary subjected to tangential forces of intensity equal in magnitude to the yield
point of the material. In such a problem A, is estimated to have a lower bound of unity,
with the help of the axisymmetric stress field of special type (see below). Indeed, i, = 1
but, as was shown in /2/, no velocity field belonging to class V exists on which the funcional
J would take a value equal to unity. This implies that the proof of the fact that A, =1
using the functional J and class V only, is of a very tenuous character and based on constru-
cting a special seqguence of velocity fields belonging to class V on which the value of the
functional J would tend to unity. Using, however the class V (y) and functional &, , we can
show by elementary methods that A, = 1.

Wa will nt th levant
We will present the relevant arguments. We introcduc

the pole at the centre of the annulus, and we have 0<R, <
the annulus. We use the following notation:

+the nolar 5.8 —poordinates with
the poi £, ¥ —CCorainates witn

< R;, 0<62r for the points of

m

)
-

v = (Vs Vg =“Tpp oo | . F=(F, Fg)

w= (wD' we), 109 T

In the present case ¢ 1is the inner boundary of the annulus and f=0, F= (0, k,). Let us put

Ry 0 if
“="‘(T) n1 o“

Then we can establish that R (t,)=1 and hence A,>1. Let us take v, =0, w,= (2a0R)70, ¢ (p)
where ¢ is a function continuously differentiable in [(R,, R and such, that ¢ (R) =1 and
@ (R,) =0. It is clear that the pair (. w,)e V (v and

01
S (v,w) = — (4nBiky” |y o ony

Then
o, (u.,w.)=Vﬂ.gg5(v.w.)|dr=1>;,.
b4
and we have A, =1.

3. Proof of the results. we denote by py the Lebesgue surface measure defined in
the usual manner on the surface v satisfying the Lipshits condition, by Zy the o-algebra of
the subset ¢ measured with respect to py, and by ba (y, 2y, py) the Banach space of all finit-
ely additive functions ¢ defined on I, which have a bounded variation on y and perfectly
continuous with respect to the measure py (i.e. if y,& Zy and p, (y,) = 0, then the varia-
tion of ¢ on y, is also equal to zero). Then we find the integral of the function ge L= (y)
over the finitely additive function ¢ & ba (y, Zy, uy) and the functional

g~ gdo
A4

is a continuous linear functional on L= (y). Moreover, the space conjugated with [= (y) is
isometrically isomorphic to the space ba (y, Zy, py) if the total variation of ¢ on y is taken

as the norm of the latter /4/. We shall denote the norm in Sobolev space Wi ()" by fi-1i.
and write

p— DI TR n,
V,={peD"Q): v=20 1) 0

M

v ==

on
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Let us suppose that y is distributed on ' in such a manner that V_ is dense in V, on the
norm of the space D?(Q). This condition holds automatically if v=g or y=1I. Next we
define two basic spaces shich will be used in the theorem on extension

U= {(uv @) u = (ug), @ = (), u; = LMV (Q),
gisba(y, Zy,py), i=1, ..., ndive =01in Q,
(fuwidz +SFidq;i=1}

2 v

G={r g v=C(u) 8= @) T=K,
giELa (Y)' T{J,jeLn (9)7 i ]= 1y ooy Ny

SgividI‘ == S (45 (v) T4 + viwy, ) dz, Vv V+}
¥ a

The differential operator =;,; appearing in the definition of the space G must be regarded
as a distribution. Let us consider the extended Lagrangian

Loitg)=—\twidz+ { gides
Q b4
on the set U X G .

Theorem. With the assumptions made above, the Laérangian L has, on the set U x G , a
saddle point (u, ¥)= U, (6, h) =6 such that

L ¥t L Yo Lo o h (3.1
for any pair (v, ) = U and any pair (r, g) = G, and
Ay =L, ¥;0,h)=supL (u,¥;t,¢g = m[i]n sup L (v, @; 1. 2) (3.2)
¢ G

Proof. We define the following auxilliary sets:

Kie={1EK: m (@) = 0 for nearly all z & Q)
Ve = {2 V: lloll <m}

By virtue of the standard theorems on saddle points (see e.g. /5/), a saddle point of the
Lagrangian

L, 1) =S &i;(v)Ti;dz
2

exists on the set V, x K, such that

Lty ©) < (@my Tm) <UD )y Um E Vi, T E Ko (3.3)
for any v & Vm, T = Ko, From inequality (1.3) it follows that
J () =minJ ©) == (Um> Try) (3.4)
Vm

This means that the sequence um has a uniformly bounded norm in D? (Q). Let us write
(Pm(YO)"—‘S umdl, Ve EZ,
e

Then @m & ba(y, 2y, uy)* and the norms of ¢m are uniformly in m and ba(y, Zy, uy)". We can
therefore choose the stresses such that /4/

ug>u weakly in L1 Q)" (3.5)
pa—¥ (s) — weakly in ba(y, Zy )"
ta?t*EKO () — weakly in L= (Q)r(nei2
Here A is an ordered set directed so as to increase. If (1, g) = G, then we have
L (tm, ©) = L (4m, @m: T, 8) (3.6)
Passing to the limit in inequality (3.3) and taking into account (3.4)=(3.6), we obtain
L(u,w;r,g)<i’n‘fj(v)<l(v,t,) (3.7)
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for any (r, gl =G and for any function » & V4 where V,=V [ W (Q". we also have (u,
¥Y) = U since divu=0 in Q and

S faui dz 4+ SF,-d‘P'i—_:j
g ¥

From the right-hand side of inequality (3.7) it follows that a number A, exists such that

l(v,‘r*)=7~0<gfividx+gFividF), \ s 3.8)
}*] v
Vi = {v&= V_: dive = 0inQ}
Ay inf J (0) Ao (3.9)
Va

In particular, the identity (3.8) holds for any solenoidal field from W,! ()" which vanishes
on I', and in this case a function p & L? (Q) exists such that /6/

§(pdive + e (v) Tais) dz =1 | fiv1dz (3.10)
Q Q

for any function » & W,! ()" whose trace onI' is equal to zero. Let us put ¢ = (pd;; + 1.4).
Then
SEK, 0y, ;=—hfisL"8) (3.11)

It can be shown that

l(v,c)=}~o(Sf,-vidz+SFividl"), VeV, (3.12)
Q ?

By virtue of the density conditions imposed, it is sufficient to establish (3.12) for any func-
tion v& V.. Let v be any field belonging to V., but such that

{vwar=o0 (3.13)
14

A solenoidal field u, & W' (Q)" exists such that u#y,=v. Considering the relation (3.10) for
the function v—u, taking identity (3.8) into account, we find that (3.12) holds for the
chosen field v. 1If v is any field belonging to V_, then we assume that the function p satis-
fying (3.10) is defined apart from a constant term. Let us write p in the form

P = po+c, Sporlz=0
Q
and choose ¢ so that (3.12) holds. We choose a function u., € V_,such that

S divuydz=c, %0
Q

If there is no such function in V. , then the previous situation can be used to confirm (3.12),
since in this case (3.13) holds for any function ve V.. Let us put

;uo * 1
€= T (§ !iuti dz -+ S Fiu*i dr) - T H{uy, 34), Se = (Pnb,-j + T.,‘j)
¥
Writing » in the form

v=v’+:—;Svivid1‘
v

we find that the field v satisfies the condition (3.13) and

. 1
l(v, 6) —10<S /‘vidz-{— S Fividr>=_¢l_ S ul.vidr [l (s Cy) —
Q v v
kn(S/iu*idz-f-SFiu*idI‘)—i- CS divu.dx.l =0
0 v Q
which completes the proof of (3.12).
From (3.11), (3.12) it follows that (0, k) =G, if h = AJF. Moreover, Ai,=2A\, and

finally

he=L@w g0, h), ViU (3.14)

Relations (3.14) and the left-hand side of the inequality (3.7) now prove the theorem, and
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relations (2.3) follow from it. Indeed, if (v, w) = V (I, y), then the pair (v ¢,) = U where

Pw (Vo) =S wdll, Vye= X

Ve

Let us obtain an upper estimate of s%pL(v,¢w;r,a. To show the purpose of this estimate, we

agssume for simplicity that the region Q in star-like relative to one of its points. Let (1. g e
¢ . Then a sequence of symmetric tensor fields ™ exists such that

tﬁ-«rﬁ strongly in L2 (Q) (3.15)
Wt~ 1 (- weakly in L= (v)
W,y strongly dn o um@ i j=1,.. .0

Tel@, mek

To construct such a sequence it is sufficient to carry out the following operations; we place
the origin of coordinates at the centre of the star-shaped region @ , continue the tensor =
by means of a similitude transformation, with the centre at the star, to the region obtained
from Q by applying the same similitude transformation. Then the sequence shown in {3.15) can
be constructed using the averages of the contribution of the tensor t using standard averaging
kernels /7/. We further have

L@y v 0) == (e Mo+ (o ar = (o oyr, Mz
Q )4 L

§ e = 0 e, (5, 0ot 48, (0,09 oy —
524 Te

m
SI”. 8,5 (v, 0 —w)dl — S 7, "S; (v, o) dT 4 S (g, — v;5,;™ w, dT
¥ Ny k4

By virtue of the definition of the class V (Iy, y) the first invariants of the tensors § (vi, vt) 4-
S, S(v,v—wy and §(v,v) are zero on [,,y and I\ vy , respectively. Since 1=K, we
arrive at the inequality

L9, ¥ 8) < Op, o 0, w)+ § (g — vy ™ w, dT
A4

According to the definition of the class V ([, y) the vector function we V.. Therefore
by virtue of (3.15) and the definition of the class G, we obtain

y&“ﬁﬁﬁmﬂr=SWJWJ“4gﬂ+%ﬂm“0“ﬂﬂ”“”m
¥ {Q

But since L (v, ¢y t™, @) — L (v, ¢} T, g), we finally have
L 9o < Pp ovw, V.ge6
The latter inequality leads to the estimate

sup Loy Pui T 8) < P, (0, @) (3.16)
From the estimate (3.16) and statement (3.2) of the theorem it follows that

hae < inf @ (v, w)
Svwawy Y

and the inverse inequality is obvious. This proves (2.3). We note that more detailed invest-
igations lead to the conclusion that we have an equality in relation (3.16).

In the general case the existence of a sequence possessing the properties shown in (3.15)
is proved by standard methods, since the region whose boundary satisfies the Lipshits condi-
tion is locally star-like. Remembering that § 1is compact, we can use finite division of
unity in § to reduce everything to a region that is star-like with respect to one of its
points.
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TIME DIFFERENTIATION OF TENSORS DEFINED ON A SURFAEE MOVING THROUGH A
THREE-DIMENSIONAL EUCLIDEAN SPACE

IU.Z POVSTENKO and IA.S. PODSTRIGACH

The well-known formulas for the derivatives of Eulerian and Lagrangian
basis vectors are used to derive expressions for the derivatives of the
surface, volume and double tensors defined on a surface moving through

an Euclidean space. In the case of a plane moving through space with
constant velocity, the results obtained correspond to the two-dimensional
analogs of the results cobtained in /1/. A relation connecting the derivat-
ives in question with the derivative (§/6) 1is given, and the concept of

the dexivative (§/6t) is introduced for the three-dimensional case.

In /1/ the author developed a theory of the time differentiation of tensors in the three-
dimensional case, based on introducing Euclidean and Lagrangian basis vectors and a polyadic
representation of tensors in these bases. The problem of the time differentiation of tensors
was also considered in /2, 3/ using a general formulation, where a detailed analysis of the
earlier work was also given. 1In /4—6/, in the course of studying wave propagation in con-
tinuous media, the derivative (§/6¢) of the components of three-dimensional vectors defined
on a surface moving through a three-dimensional Euclidean space (at the wave front) was
introduced. The results were generalized in /7/ to the case of surface and dual tensors
defined on a moving surface.

1. The law of motion of the points belonging to a three-dimensional continuum is descri-
bed by the eguations
zi=gl (B, 8 B, 0, Er=1§( 0% 2R (1.1

where gz are the spatial (Eulerian) coordinates, ! are the material (Lagrangian) coordin-
ates and t is the time. The partial derivatives of the radius vector of the points of the
space

ar or
Ei=—7, E?==7Er (1.2)

define, respectively, the fixed Eulerian and moving Lagrangian basis. The tensor T with a
typical distribution of the indices can be represented in invariant form /1/ as

T=T* EE™ = TAYEpEA™ (1.3)

The velocity vector of a particle with material coordinates is given by

or \ i i . i a:“
V=(—§7§=vEf=vAEp,lz= bﬁr

S
S g
M‘— 3 k

az¥ v

The time derivative of the tensor T canbe obtained after establishing the formulas for differ-
entiation of the basis vectors

(1.4)
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